Complex network formalism allows to explain the behavior of systems composed by interacting units. Several prototypical network models have been proposed thus far. The small-world model has been introduced to mimic two important features observed in real-world systems: i) local clustering and ii) the possibility to move across a network by means of long-range links that significantly reduce the characteristic path length. A natural question would be whether there exist several "types" of small-world architectures, giving rise to a continuum of models with properties (partially) shared with other models belonging to different network families. Here, we take advantage of the interplay between network theory and time series analysis and propose to investigate small-world signatures in complex networks by analyzing mul- * Corresponding Author tifractal characteristics of time series generated from such networks. In particular, we suggest that the degree of right-sided asymmetry of multifractal spectra is linked with the degree of small-worldness present in networks. This claim is supported by numerical simulations performed on several parametric models, including prototypical small-world networks, scale-free, fractal and also real-world networks describing protein molecules. Our results also indicate that right-sided asymmetry emerges with the presence of the following topological properties: low edge density, low average shortest path, and high clustering coefficient.
Introduction
Nonlinear time series analysis [5] and network theory [4] have become standard frameworks for analyzing complex systems. Interesting hybridizations of the two frameworks are becoming popular as well, providing the possibility to study system dynamics observed as time series but analyzed in terms of topological features of associated complex network [6, 16, 42, 46] ; analogously, complex networks can be studied in terms of time series analysis. For instance, recent works indicate the possibility to characterize network structures in terms of scaling and related (multi)fractal properties of suitably generated time series [29, 34, 36, 45] .
A number of complex network models have been proposed in the literature [26, 33] . Among the many, the so-called "small-world" networks have had substantial impact on the understanding of a wide range of complex nat-ural and technological systems [1] , such as brain [3] and metabolic networks [13] , and smart electrical grids [17] . An interesting practical issue with theoretical implications is whether real-world complex systems can be completely associated with prototypical networks within, for instance, the small-world family or they are actually better described as hybrids of different models.
The idea of a "network morphology" [2] comes handy here, conceptualizing parametric network models on a configuration space, where different regions of such a space are occupied by networks with different theoretical/practical properties. Efforts in this direction include two recent works of particular interest. The first one [15] studies the necessary architectural trade-off needed to obtain modular networks (having fractal intra-module topology) with small-world features found in brain networks; the second one provides a theoretical model describing phase transitions between small-world and fractal network models [38] , properties that cannot otherwise co-exist in a single complex network.
Considering the recent data deluge and relaxing the assumption of a general clear-cut between network models, it seems reasonable to design methods that can provide a quantitative measure expressing the membership of a given experimental network to a network family, e.g., the small-world one. To this end, Humphries and Gurney [22] suggested a measure of "small-worldness", hence providing a way to quantify how much a given network is actually a small-world network.
In this paper, we elaborate over the dualism between complex networks and time series analysis and show that fractal analysis of time series can be used to judge over the degree of small-worldness present in networks.
Specifically, we frame our contribution between random walks [7, 40] and multifractal analysis of time series [18, 25, 31] . Random walks are used to generate time series of suitable vertex properties, which are successively analyzed within the multifractal analysis framework. The novelty of our contribution can be summarized as follows:
• We propose to use the degree of right-sided asymmetry of multifractal spectra [10] , i.e., the degree to which spectra are stretched on the right-hand side, estimated for time series generated from complex networks as a signature of small-worldness in the corresponding networks.
This claim is supported by experimental results on Watts-Strogatz [43] , Dorogovtsev-Goltsev-Mendes [9] , Song-Havlin-Makse [41] network models and on real data describing protein contact networks [27] ;
• The proposed criterion based on right-sided spectrum asymmetry can be applied also to networks where local clustering coefficient cannot be defined (e.g., in tree-like networks). For instance, on Song-HavlinMakse networks clustering coefficient cannot be computed. Hence, conventional measures of small-worldness cannot be used. On the other hand, we show that the degree of right-sided asymmetry can be used also in these cases as a reliable indicator of network small-worldness;
• We argue that low edge density, low average shortest path, and high clustering coefficient are topological properties linked with the emergence of right-sided spectrum asymmetry of at least one of the three vertex observables taken into account. This finding is connected with the results shown in Ref. [22] , where the authors suggest a measure of small-worldness and show that when edge density is increased, WattsStrogatz networks become indistinguishable from Erdös-Rényi graphs, hence losing their characteristic small-world signature.
The remainder of the paper is structured as follows. Section 2 introduces the methods used for the analysis. In Section 3, we present and discuss the results of our analysis performed on various networks. Conclusions and future directions follow in Section 4
Methods

Random walks on graphs and related time series of vertex properties
Let G = (V, E) be an undirected graph, with V, n = |V|, and E denoting the sets of vertices and edges, respectively. A Markovian random walk in a graph [30] is a first-order Markov chain on the graph vertices. Transitions among vertices are dictated by the transition matrix,
where A is the adjacency matrix of G and D is a diagonal matrix of vertex
A ij . Let p 0 be an initial distribution for the chain. The probability of the states at time t > 0 can be computed by the following recursion:
The stationary distribution of the chain, π, is a probability vector satisfying π = πT. If the graph is undirected and non-bipartite, then it always possesses a (unique) stationary distribution that can be easily computed from the degree distribution, π i = deg(v i )/(2|E|). A stationary random walk is hence completely described by π.
Let us define a time-homogeneous vertex property map as
where O P is the domain of vertex property P , such as degree, closeness centrality or other, user-defined vertex properties. By performing a (stationary) random walk on G, we generate a sequence of vertices, (v i 0 , v i 1 , ..., v i T ), which are visited over a finite yet sufficiently large time span T 1. It is possible to associate to such a random walk a sequence of observables by emitting at each time instant t the corresponding vertex property given by
where v it is the ith vertex of G that is visited at time t. This process generates a sequence of vertex properties,
It is worth noting that a first-order Markov process is by definition a memory-less process. Nonetheless, as first observed in [29, 34, 45] , time series S P of vertex properties emitted by such a process might posses a complex organization characterized by a non-trivial correlation structure, which can be quantified by means of the multifractal analysis framework. As in [36] , here we consider the following properties: vertex degree (VD), clustering coefficient (VCL), and closeness centrality (VCC).
Scaling of fluctuations and multifractal analysis
Self-similarity of time series can be investigated by focusing on the scaling properties of the fluctuations, F (s), expressed as a function of the lengthscale s > 0 [20] . Self-similar signals posses power-law scaling of the fluctu- The multifractal spectrum (MFS), denote as f (·), describes the multifractal properties of a time series and is given by
where α = h(q) + qh (q) is called Hölder exponent. It is worth noting that f (α) corresponds to the Hausdorff dimension of a subset of the input data where the Hölder exponent is equal to α. The multifractal spectrum (2) encodes important information regarding the sensitivity to fluctuations with high/low magnitudes, analyzed by using positive/negative q values. The width of the support of f (·) is defined as
where q min and q max denote the lower and upper end points of q, respectively.
The width of the spectrum offers an important quantitative complexity measure: the larger the width, the higher the complexity of the time series.
In addition, the degree of asymmetry A α of MFS (2) is another important feature to be taken into account [10] ,
where ∆α L and ∆α R denote the width of the left and right part of f (α), respectively. A negative value for A α implies right-sided asymmetry (i.e., spectra are stretched on the right-hand side), highlighting a stronger multifractality on smaller fluctuations. Conversely, left-sided spectra denote a higher heterogeneity for large fluctuations [10] .
Quantitative measures of small-worldness
A quantitative measure of small-worldness is defined in [22] as follows:
where
8 In Eq. 6, C ws g is the average clustering coefficient of a given WS network g,
where c ws i is the clustering coefficient of ith vertex, m i and k i denote, respectively, the number of edges between the direct neighbors of vertex i and its degree. Analogously, C ws rand denotes the average clustering coefficient of the corresponding Erdös-Rényi (ER) network with the same edge density, which is defined as:
where m and n are the number of edges and vertices, respectively. Eq. 7 is defined in a similar way but using average shortest path (ASP) instead of clustering coefficient.
As discussed in [22] , the categorical definition of small-world network given above implies λ g ≥ 1 and γ ws g
1. This fact imposes S > 1 for small-world networks: the larger the value of S, the higher the degree of small-worldness.
Results
The experimental results presented in this paper have been obtained by generating random walks with T = 10 6 time-steps; results are always intended as averages of ten different random realizations of such random walks.
A recent study [34] points to the differences between short-and long-term correlations in the considered vertex observables. In particular, the data are strongly autocorrelated on short time-scales, whereas they can be considered as independent on large time-scale hence giving rise to a pronounced crossover in the fluctuation functions. Therefore, in this paper we concentrate mainly on short-range correlations (i.e., scales s < 800) as more important from the perspective of the network structure here taken into account.
Watts-Strogatz model
Here we discuss the outcome of the analysis conducted on Watts-Strogatz (WS) models [43] . have to be generated with large rewiring probability p and also with large edge density (large k considering the number of vertices). These results, taken altogether, suggest that right-sided asymmetry of MFS could be interpreted also as a signature of network small-worldness.
Notably, WS models producing time series with right-sided spectra are more small-world than WS models denoting either monofractal or left-sided MFS asymmetry in the corresponding time series. Finally, it is worth mentioning that differences between S values calculated for different network configurations (hence yielding different values for A α ) are all statistically significant (details not shown).
The qualitative explanation of the MFS asymmetry can be inferred from Robustness of our analysis is demonstrated by reporting results for surrogate time series [39] . For this purpose, we considered two kinds of tests 
Figure 2: Spectra of normalized Laplacian matrices related to WS networks generated with different model parameters. As it is possible to note, using large values for p (e.g., p = 0.9) does not yield networks whose spectra resemble the ones of ER graphs. This fact helps explaining the peculiar MFS observed for VCL time series: edge density plays an important role. In fact, the normalized Laplacian spectrum of ER graph is matched only when k = 14 and p ≥ 0.9. density. As we increase k, MFS width ∆α decreases followed by an implicit symmetrization of the spectra. We note that, when k ≤ 8, MFS are right-sided. These results suggest that, taken alone, small average shortest path and high clustering coefficient are not sufficient to produce a right-sided spectrum. In fact, edge density (10) is a key ingredient to observe right-sided asymmetry. 
Dorogovtsev-Goltsev-Mendes model
In this section, we analyze results obtained by means of a scale-free network model introduced by Dorogovtsev, Goltsev, Mendes (DGM) [9] . The DGM model is deterministic and generates scale-free networks whose average shortest path grows logarithmically with the number of vertices. Hence, DGM models are also small-world. We consider three DGM model instances that differ by the number of iterations (7, Nonlinear dependence between data constitute the main factors responsible for multifractal organization of time series [11] . However, the fat-tailed distribution of data can also be a significant ingredient of multifractality when nonlinear correlations are present [47] . A transformation applied to a given time series preserves the hierarchical organization of data but changes the underlying distribution. This, in turn, might result in changes of the correlation structure of data that, in turn, depend on the change of the distribution. In the DGM case, VD and VCL are linked by a precise relation: However, the related MFS are narrow in that parameter range, denoting monofractal characteristics. Hence, we conclude that asymmetry of VCC time series does not seem to be useful to predict the small-worldness of the related SHM networks.
Finally, it is worth noting that, as shown in Fig. 9(d) , the position of the cross-over for VCC time series changes as we vary the model parameter e. In particular, when SHM networks are mostly fractals, i.e., when e 0, it is possible to analyze also larger scales (i.e., s > 10 3 ) in the related time series. In fact, in all other network models taken into account in our study, we always detected a cross-over roughly at s 10 3 , leading to uncorrelated behavior. We hypothesize that this fact is linked with the self-similarity of the SHM network topology and leave further investigations as future work.
In Fig. 10 , we show the details for three network configurations giving rise to pure fractal (a), hybrid (b), and small-world (c) topologies. Let us first discuss the results for VCC time series. For pure fractal models, shown in the case of VD time series. In general, f (α) becomes systematically wider (and more right-sided asymmetrical) as the networks become more smallworld (i.e., by increasing e). However, it is worth noting that the MFS shown in Fig. 10(c) are different from those shown in Fig. 1(b) . In fact, SHM models with large e posses wider MFS with a more pronounced rightsided asymmetry than WS networks. Overall, these results strengthen the hypothesis that small-world topolo-gies with low edge density lead to right-sided asymmetry in MFS of related time series. Results are supported by the analysis of suitable surrogates shown in the corresponding figures. Table 1 summarizes the main characteristics of the multifractal time series computed on all network models taken into account in our study.
Protein contact networks
In this last experimental section, we analyze real-world data describing E.
coli protein molecules [27, 28] . We consider network representations of folded proteins (i.e., native structures) called protein contact networks (PCNs) [8] . is not possible to claim that PCNs are pure small-world networks (see [27] and references therein for details). Here, we take into account four sample proteins with PDB codes 3DMQ (PCN0058), 4JOM (PCN0179), 2JGD
(PCN0715), and 2QTA (PCN0110).
Results of multifractal analysis are shown in Fig. 11 , where we show MFS computed for the four PCNs taken into account ( Fig. 11(a) ) and related validation on surrogate time series (Fig. 11(b) ). Results change depending on the vertex observable taken into account. VD time series denote a clear multifractal, right-sided spectrum only in the PCN0058 case. VCC time series 
Discussion and final remarks
Networks possessing small-world features are ubiquitous in Nature and society. Several parametric models allow to obtain networks with hybrid features, often spanning across different network types with orthogonal characteristics (e.g., fractal and small-world features, in principle, cannot co-exist within the same network). However, considering the availability of large volume of data, it is important to design methods that allow to measure the presence of said features also in experimental networks. Here, we addressed the important issue of assessing the degree of small-worldness in complex networks. The proposed approach is based on fractal analysis of time series generated from networks. Our results suggest the possibility to consider the degree of right-sided asymmetry of multifractal spectra, indicated as A α in the paper, as a predictor of the degree of small-worldness present in the cor-responding networks. We validated this claim on several models, including prototypical small-world networks, scale-free, fractal and also real-world networks describing protein native structures. The relation between the degree of small-worldness S proposed in [22] and the degree of right-sided asymmetry A α is consistent for Watts-Strogatz and Dorogovtsev-Goltsev-Mendes models. However, for Song-Havlin-Makse fractal models, S cannot be computed, while the criterion based on A α still produces consistent outcomes.
Our main result indicates that (i) A α provides a reliable criterion to assess small-worldness in networks and (ii) right-sided asymmetry of multifractal spectra emerges with the presence of the following topological properties:
low edge density, low average shortest path, and high clustering coefficient.
The last claim is in agreements with the findings of Humphries and Gurney [22] , which showed that Watts-Strogatz small-world networks become indistinguishable from Erdös-Rényi graphs if, in the former, edge density is significantly increased.
